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1 Introduction

Theradiositymethods avaluableengineeringool thatcanbeused
to determinevhetheralighting designmeetsrojectspecifications.
As mentionedy Ashdavn [3], thismethochasappearedh theillu-
minatingengineerinditeratureas“radiative transfertheory” since
the 1920s[28]. Recently numericallinearalgebraaspectslirectly
associatedwvith its practicalapplicationin illuminating engineer
ing simulationshave beeninvestigatednorecloselyby researchers
from thelighting community[9, 18, 19].

The computatiorof form factors,which specifythe fraction of
radiationflux thatleavesonesurfaceandarrivesat anotheris cen-
tral to the radiosity method. The errorsintroducedby form fac-
tor computationdirectly affect the correctnes®f the radiosity so-
lutions, andmay also slow down the convergenceof the iterative
methodsusedto solve radiositysystems.In this paperwe investi-
gatetheerrorsintroducedby differentapproachessedto compute
formfactorsaimingatthedevelopmenbf stratgiesto reducetheir
deleteriouseffects on the accurag and efficiengy of illuminating
engineeringsimulations.

Several numericalmethodsare available for the computation
of form factors. Generallyspeaking,thesemethodscan be di-
vided into two groups: deterministicand nondeterministic.In or-
derto selectonethesemethodsefficiengy andaccurag criteriaare
taken into account. For off-line computationf form factorsac-
curay becomeshemaincriterion. As examplesof applicationsn
whichform factorsareusuallycomputedff-line we cancite walk-
throughd25], sunandshadesimulationg12], andradiatvetransfer
studiesn vegetation[7].

Initially, we examinethe effectsof the errorsintroducedby the
numericalcomputatiorof form factoron the two propertiesof the
radiosity coeficient matrix which are directly associatedvith the
corvergenceof theiterative methodsnamelyits nonsingularityand
its diagonaldominance Besideghis theoreticalanalysis we com-
parethe accurag of two methodsrepresentinghe deterministic
andnondeterministi@pproachesisuallyappliedto computeform
factors. With thesecomparisonsve highlight someimportantas-
pectsthat affect the accurag of theseapproachesnddiscussthe
differencesin the magnitudeandin the distribution of the errors
introducedby eachapproach.Finally, we proposealternatvesto
minimizeerrorsin theform factorsand,consequentlyimprove the
accurag andefficieng of illuminating engineeringsimulationsin-
volving theradiositymethod.

The remaindenf this paperis organizedasfollows. Section2
describeghe radiosity systemof linear equationsand the formu-
lation of the equationfor the form factor betweenfinite surfaces.
Section3 outlinesthe implicationsof the errorsintroducedduring
form factorcomputation Sectiord describeshetwo methodsused
for thecomparisongndSection5 presentshecriteriausedto com-
paretheaccurayg of thesemethods Section6 discussesheresults
of thesecomparisonsThepapercloseswith asummaryof themain
conclusionsainddirectionsfor futurework.

2 Radiosity Background

2.1 Radiosity Equation

Assuminga closedervironmentwhosesurfacesare divided into
n patchesthe total spectralradiantflux leaving a patchdepends
on the spectralradiantflux emittedby the patchplus the spectral
radiantflux thatis reflectedrom thepatch.Thespectratadiantflux
dependsin turn, on thetotal spectrakadiantflux leaving the other
patchesn the ervironment. If we consideronly the Lambertian
reflectve behaior of thesesurfaces,we candrop the directional
andpositionaldependenciesn the spectraimeasure®f light. In
this casethe processof spectralradiantflux transferin a closed
ervironmentcanberepresentetly:

B;(0) = 8PN + o (N Y Fy®i(n) forj=1,2.n (1)

where:

®;(\) = totalspectraradiantflux leaving patchj,
<I>f (A) = spectraradiantflux emittedby patchy,
pi(A) = reflectancef patchy,

F; = form factorbetweerpatchi andpatchy,
®;(A\) = totalspectraradiantflux leaving patchs.

Sincewe areconsideringonly the Lambertiarreflectve beha-
ior of the surfacesin the environment,the processof radiantflux
transferonly includesdiffuseBRDFS which aregivenby:

fay) = 1Y @

In this casethereflectance; () representthefractionof incident
radiantflux which is reflectedback to the ervironmentat wave-
lengthA by apatchj, and~ is incorporatedn the definitionof the
form factor Fj; .

2.2 Form Factors

Theform factor F;;, alsocalledconfiguratiorfactor indicateshow

apatchi “sees”apatchj. In otherwords,it specifieghefractionof

radiantflux thatleavespatch: andarrivesat patchj. Formfactors
dependbn the shapeandrelative orientationof the patchesaswell

asonthepresencef obstaclebetweerthem,whichis indicatedby
thevisibility termV (z;, z;). Theform factorF;; betweera patch
7 anda patchj (Figure 1) canbe determinedusingthe following

expression:

1|deal diffuse or Lambertiansuriaces,suchas chalk, appearequally bright from
all viewing anglesbecausehey have aconstanspectraradianceatall viewing angles
understeadylighting conditions[22].

2 A BRDF (bidirectionalreflectancedistribution function) is usedto describethe
spatialdistribution of thereflectedight [17].
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where

A; = areaof patchi,

Ui = vectorconnectingapointz; onpatchs
to apointx; on patchy,

0; = anglebetvveerthevectorl;} andthe
normalof patch,
0; = anglebetweerthevectorl;; andthe
normalof patchy,
dA; = differentialareasurroundingon patchs,
dA; = differentialareasurroundingon patchjy,
V(zi,xz;) = visibility term.
f
|
Z )

Figurel: Geometryof theform factorbetweertwo patches.

Althoughthereis in generalno closedform solutionfor Equa-
tion 3, thereareusefulanalyticalformulaefor simple geometrical
configurationg21, 24, 26, 27]. Theseformulaeare,howvever, usu-
ally notgenerakenoughto be usedin globalilluminatior?. For this
reasonseveral numericalalgorithmshave beendevelopedto com-
puteform factors. As mentionedbefore,the numericalalgorithms
to computeform factorscanbe dividedinto two groups:determin-
istic, basedn quadraturenethodsandnondeterministichasecn
Monte Carlomethods.

The computationakostsinvolved in the computationof form
factorscan be reducedthroughthe applicationof the following
identities:

e Reciprocityrelationship:
AiFij = AjFji 4

e Summatiorrelationship:

ZFM <1 fori=1,2..n (5)
j=1

If we assume closedenvironment,theabove sumis by def-
inition equalto 1.0. However, in practice,even for closed

3The problemof determiningthe appearancef an environmentby simulatingthe
transporbf light within it, whichincludesthe problemsof light emissionpropagation,
scatteringandabsorptionjs known asglobalillumination[2, 25].

ervironmentshe computedvaluecanbe greaterthan1.0de-
pendingon the accurag of the methodusedto computethe
form factors.

e A planaror a corvex patchcannot seeitself, which means
thatthe form factorof a planaror a convex surfacewith re-
spectto itself itself is:

Fi; =0

However, theremay be situationsin which it may be appro-
priateto considerthe form factor F;; of a planeor convex
patchdifferentfrom zero. For example,supposepatchesi
andj areplacedin front of eachotherandpatchj is a perfect
reflectof (mirror). In this casepatchi can“see” itself and
F;; is differentfrom zero.

e Finally, aconcae patchcanseeitself, hence:
Fi #0

for thiscase.

2.3 Radiosity System of Equations

Sometimest is morecornvenientto rewrite Equationl in termsof
spectralradiantexitanceand spectralirradiance[1]. The first of
thesetermsrefersto the total spectralradiantflux leaving an el-
ementper unit of areaandthe secondterm refersto the spectral
radiantflux emittedby an elementper unit of area. In this case,
from [22], we have:

®;(X) = 7M;(M)A; (6)
where:
M;(\) = spectrafadiantexitanceof patchj,
Aj = areaof patchj.

Also from [22], we have:
27 (\) = 7E; (VA )

where:

E;j(A\) = spectrairradianceemittedfrom patchj.

Substitutingequation6 andEquation? into Equationl gives:

2D FMi(\)A; - (8)

i=1

TM;(MN)A; = 7E;(MN)A; + pj(

for j=1,2..n.

Applying the form factorreciprocityrelationship(Equation4)
in Equation8 anddividing it by A; we get:

wM;(N) = 7E;(N) + pi(N) D wFiMi(A) 9)

i=1
for j=1,2..n.
Dividing theabore expressiorby =, we finally gettheclassical

expressionin termsof spectralradiantexitance, which holds for
eachpatchin theervironment:

Mj(\) = Bj(\) +pi(N) Y FjiMi(N) (10)

i=1

4Usually non-Lambertiarsuriacesarenot introducedin a radiositysystem. Their
effectson the form factorsof the surroundingLambertiansurfacescan, however, be
accountedor throughthe useof extendedform factors[8, 20].



for j=1,2..n.

In the thermalengineeringand computergraphicsliteratures
thetermradiosityis usedto referto radiantexitance. For the sale
of consisteng with thestandardllumination engineerinditerature
[1], we will continueto usethe term radiantexitancethroughout
this paperwhenreferingto the radiantflux densityleaving a sur
faceor patch.Moreover, in orderto simplify matterswe aregoing
to suppresshedependencen wavelengthin thenext expressions.

In orderto determinethe radiantexitanceof eachpatchof a
given ervironmentwe needto solve a systemof linear equations
whosecoeficient matrix we denoteby G. Thevectorof unknavns
of this systemis representetby the vector of radiantexitancesm
andthe right-handsidevectorof this systemis representedy the
vectorof irradiances:. This radiative transfersystem alsoknowvn
astheradiositysystemjs representeds:

Gm=e (11)
wherethe elementof G are G;; = §;; — p: Fi; (with §;; being

the Kronecler delta). The coeficient matrix G, alsoknown asthe
radiositycoeficient matrix, is commonlyrepresentedty:

G=1I1-PF (12)
where:
I = identity matrix,
P = diagonalmatrixwhosediagonalentriesp;;
correspondo p;,
F = form factormatrix.

Direct methodsfor solving linear systems,suchas Gaussian
Elimination[6] or LU decompositiori6], arenot suitablefor large
radiosity systemsof equationsbecausef the relative low density
of the coeficient matrix and becauseapid solutionsat relatively
low accuray areneeded Theseaspectplusthe specialproperties
of the radiosity coeficient matrix, namelyits nonsingularit§ and
diagonaldominanc®, make the useof iterative methodsnorecon-
venient.Thesemethodsaregenerallyof thefollowing form:

1 initializem andr

2 while (notconverged)

select Vm

updatem = m + Vm
updater =r — GVm

b w

whereVm correspondso the correctionvectorandr corresponds
to theresidualvectorgivenby:

r=e—Gm (13)

Theiteratve methodausedto solve theradiositysystemof lin-
ear equationscan be divided into generalmatrix methodsand
radiosity-specifianethods.The methodghatbelongto the former
groupupdateall component®f the solutionvectoron eachitera-
tion, e.g., the conjugategradientandthe Chebyshe methodg5].
Themethodghatbelongto thelattergroupupdatea singlecompo-
nenton eachiteration,e.g., progressie refinementandovershoot-
ing methods Theexpressiorradiosity-specifiecnethodsusedn the
computergraphicsliterature,is appliedto group methodsspecif-
ically developedto solve the radiative transfersystemdescribed

5An n x n matrix K is saidto benonsingulaif ann x n matrix K ~! (theinverse
of K) existssuchthatK K ! = K—'K = I [6]. Alternatively amatrix K is also
saidto benonsingulaif its determinants nonzerd15].

8 Assumingthat0 < p < 1 andthatthe sumof form factorsin ary row is equal
to one,we cansaythatthematrix G is strictly diagonallydominantsincethe property
|Gis| > ) 71 |Gij holdsforeachj = 1,2,..., n.

J#i

above [5]. Although thosemethodscan be consideredrariations
of numericaimethodssuchasSouthwelllteration[10] or SOR[6],
they have beenadjustedandfine-tunedo theradiantexitancecase.

3 Implications of the Errors Introduced in the
Numerical Computation of Form Factors

Fromthe discussiompresentedbore, it is clearthatthe errorsin-
troducedn theform factorcomputatioraffect the radiantexitance
vectorm. Recallthatto obtainthis vectorwe mustsolwe, eitherex-
plicitly or implicitly, the radiositysystemgivenby Gm = e (Sec-
tion 2.3)whosecoeficientmatrix G is givenby I — PF'.

Besidegheeffectmentionedabove, theseerrorsmayhave other
subtleeffects,with possiblylargerimplicationsfor theaccurag of
radiosity solutions. Recallthat the selectionof iterative methods
to solve theradiositysystemof linearequationsvasbasedon two
generalssumptionsamelythe diagonaldominanceandthe non-
singularityof G. Although,in theory thesepropertieshold for ra-
diosity systemsit maynotbethecasen practice.

If the errorsintroducedin the computatiorof the form factors
for agivensurfaceof theenvironmentaresuchthattheirsummation
relationship(Equation5) doesnot hold arymore, thenwe cannot
ensurethe diagonaldominanceof G (Section2.3). Moreover, we
cannotguaranteghat o( PF'), the spectralradiu§ of PF, beless
thanl. In this case,Theoremd.4 of Young[29] (page35), adapted
to theradiatve transfemotation,stateshat:

If o(PF) < 1 thenG is nonsingularand the series
I+ PF+(PF)*+---corvergesto G™*. Corversely
if o(PF) > 1 thentheseriesdoesnotcorverge,andit
cannotbeguaranteethatG ™~ exists.

Thuswe cannotensureghenonsingularityof G either

The failure to fulfill the diagonaldominanceproperty makes
theiterative processmoretime consuming.This happendecause,
in this case,we needto apply techniquessuchas pivoting [11],
to enforcethis property The failure to fulfill the nonsingularity
propertyhas however, amoreseriousconsequencen this casehe
convergenceof theiterative methodsannotbe guaranteectall.

4 Statement of Methods

The ParametricDifferentialMethod (PDM) [4] is anexampleof a
deterministianethodfor form factorcomputatiorbetweertwo sur

facesor patchesThis methodevaluatesheintegrandof Equation3

usinga numericattechniquecalledGaussiamuadraturg6]. Points
of evaluation,or node§, are placedin both patchesaccordingto

therootsof Legendrepolynomials[6] (Figure2). Thevalueof the
visibility termV (z;, z;) (Section2.2)is determinedy testingthe
intersectionof rays,which connectpairsof nodes,with otherob-
jectsin the ervironment. For example,whenone usesa 5-points
Gaussiamuadrature?5 nodesare placedon eachpatchand 625
raysareusedto testfor obstacledetweerthetwo patches.

Oneof the nondeterministienethodsor form factorcomputa-
tionusegheraycastingechniqug3, 16] and,althought canbeex-
tendedto speculainon-Lambertianyurfacesit is usuallyapplied
to diffuse(Lambertian)ysurfaceq23]. In orderto computetheform
factorbetweendiffuse patchesa setof samplepointsis randomly
distributedin a sourcepatchandraysare shotfrom thesesample
pointsin randomdirectionshaving a cosinedistribution (Figure3).
The numberof timeseachpatchin the ervironmentis hit by aray

"The spectralradius o (K ) of a matrix K is definedby o(K) = maz | A |,
whereA is aneigervalueof K [6].

8 Thesepointsof evaluationcanalsobecalledsamplepoints. For thesale of consis-
teng/ with the numericalanalysiditerature,we will usethetermnodewhenreferring
to deterministigoroceduresisedto computeform factors.



is recorded.Usingthis approachthe form factorbetweera source
patchi anda patchj is given by the numberof raysthathit patch
j divided by the total numberof raysshotfrom patchi. Hence-
forthwe will referto thismethodasSR,i.e., shootingmethodwith
arandomdistribution of samplepoints.

-

nodes for Gaussian
quadrature

nodes for Gaussian
quadrature

“patchi
_ J

Figure2: Geometryfor adeterministianethodfor form factorcom-
putationusingGaussiamuadrature.

sample point within a
random distribution

= J

Figure3: Geometryfor a nondeterministienethodfor form factor
computatiorusinga randomdistribution of samplepoints.

5 Comparison Criteria

In orderto evaluatethe accurag of numericalmethodsfor form
factorcomputationgt is corvenientto usegeometriesor whichthe
analyticalform factorsareavailableto be usedasreferenceln the
testsperformedn this papemwe considere@nenvironmentformed
by acube,or box (Figure4), whichallow usto fulfill thisevaluation
guideline. Recallthat the summationof the form factorsof one
surfaceor patchwith respecto the othersurfacesor patchesof a
closedervironmentmustbe equalto 1.0 (Equation5). We usethis
summationrelationshipas well asthe analyticalform factorsfor
paralleland perpendiculasurfacesto evaluatethe accurag of the
resultsprovided by bothmethodsegardingthetestervironment.

Theanalyticalform factorfor parallel,directlyopposegatches
or surfacessuchasfacesl and6 (Figure4), is givenby thefollow-
ing expressiompresentedy HamiltonandMorgan[13] andHottel
[14]:

_ 2
Fi 6= XY 1+ X24Y

/ 2 -1 X
+X 1 + Y tan ( 1+Y2) (14)
P) -1 Y
+Y /14 X2 tan ( e

—X tan™ ' (X) - Y tan_l(Y)}

1
{ln [(1+X2)(1+Y2)] 2

whereX andY aregivenby:

x=2 (15)
C
y="? (16)
C
H
® |
® ® @ |i
—— ~ i
® N |!
R\N) 2

Figure4: Sketchof thetestervironment(face3 is frontal).

The analyticalform factorfor two patchesor surfacesof same
length,having a commonedge,andat angleof 90° to eachothey
suchasthefacesl and2 (Figure4), canbeobtainedhrougha sim-
ilar expressiorprovided by Hottel [14] andHamiltonandMorgan
[13]. Alternatively, assuminghatthe form factorbetweerthe an-
alytical parallelfaceshave alreadybeencomputedand using the
summatiorrelationshipof theform factors theanalyticalform fac-
torfor perpendiculasurfacessuchasfacesl and2, canbeobtained
throughthefollowing expression:

1-Fi_¢

Fi_o = 1

7

In the testspresentedn this paperwe consideredhe dimen-
sionsof the cubepresentedn Figure4 givenby a = b = ¢ = 6.0.
Replacinghesevaluesin the Equation14, the analyticalform fac-
tor for theparallelfacesof thecubeis equalto 0.199824 Replacing
thisvaluein the Equation17, the analyticalform factorfor the per
pendicularfacesof the cubeis equalto 0.200043.For the sale of
simplicity, all the figuresfor analyticalandnumericalform factors
presentedn this paperweretruncatedafter the sixth digit. More-
over, in orderto determinethe relative errorregardingthe summa-
tion relationshipfor eachindividual faceandthe form factorsfor
thedifferentpairsof faceswe usedthefollowing expression:

re. (%) = |analytical value — numerical value| 18)

|analytical value|




6 Results and Discussion

Intuitively we may considerthatthe accurag of bothmethodscan

beincreasedby subdviding thefacednto alargernumberof patches.

Tablel shaws the effectsof finer surfacesubdvisionson theaccu-
ragy of the form factorscomputedusingthe PDM. In this experi-
mentwe used25 nodesperpatchand25 rayspernode.As we can
see thereis a directrelationshipbetweertheincreasen the num-
berof patchesandtheincreaseon theaccurag of the form factors
computecusingthe PDM.

numberof patches
216 486 1014

T offacel  1.013652 1.009103 1.006303
Yofface2  1.013652 1.009103 1.006303
Y offace3 1.013652 1.009103 1.006303
Y offace4 1.013652 1.009103 1.006303
Y offace5 1.013652 1.009103 1.006303
Y offace6  1.013652 1.009103 1.006303
Y ofre (%)  8.19 5.46 3.78

Tablel: Effectsof finer surfacesubdvisionsontheaccurag of the
PDM.

Suchadirectrelationshiphaowever, cannotbe alwaysobsered
for nondeterministianethodsas demonstratedby the figurespre-
sentedn Table2. Thistableshavs the effectsof finer surfacesub-
divisionson the accurag of the form factorscomputedusingthe
SR.In this experimentwe used1000samplepointsper patchand
oneray persamplepoint.

numberof patches

216 486 1014
Y. of facel 1.0 1.0 1.0
Y of face2 0.997333 0.997815 1.00034
Y of face3 1.001140 1.0009 1.00208
Y of face4 0.998056 1.00023 0.999124
Y of face5 1.003670 1.00049 1.00108
Y of face6  1.004640 0.998506 0.995243
Y of r.e. (%) 2.43 0.53 0.91

Table2: Effectsof finer surfacesubdvisionsontheaccurag of the
SR.

Increasinghenumberof rayspersourcepatchcanalsoincrease
theaccurag of the form factors. Table 3 illustratesthis aspecfor
an applicationof the SR (using 1000 samplepointsper patchand
oneray persamplepoint)in whichthetestenvironmentwasdivided
into 54 patches.

numberof rays

10000 1000000
Y. of facel 1.0 0.999994
Y of face2 0.998789 0.999691
Y offace3 0.997356 0.999901
Y of face4d 1.00064 0.999982
Y offace5 0.999844 0.999935
Y of face6 1.00197 1.00009

T ofre (%)  0.66 0.0587

Table3: Effectsof higherray densitieson theaccurag of the SR.

In orderto comparethe accurag of both methods,PDM and
SR, we consideredhetestervironmentdivided into 1014 patches
(169 patchegerface)and 625 rays per sourcepatch. The results
presentn Table4 seemto indicatethatthenondeterministienethod

is more accuratethan the deterministicmethodfor the test envi-
ronmentusedin our experiments.However, sincethe figurespre-
sentedn this table correspondo summationsit may be possible
thata cancellatiorof errortermsoccurswhenwe performthe sum
of form factorsregardingeachindividual faceof the cube. This
cancellationmay in turn, hide a higheraccurag provided by the
deterministianethodfor certaingeometriesindeed,Table5 shavs
that the deterministicmethodprovides more accurateresultsthan
the nondeterministianethodfor form factorsfor pairsof parallel
faces.

method

PDM SR

Y. of facel 1.006303 1.0
Y of face2 1.006303 1.00016
Y of face3  1.006303 0.97264
¥ of face4d 1.006303 0.999451
Y offace5 1.006303 1.00034
¥ of face6 1.006303 1.00235

Y ofre (%)  3.78 0.61

Table 4: Comparisonbetweenthe PDM andthe SR considering
the ervironmentdivided into 1014 patchesandusing625 raysper
sourcepatch.

F; PDM r.e. (%) SR r.e. (%)
1-6 0.199841 0.02 0.199044 0.38

2-3 0.199841 0.02 0.199044 0.38
4-5

0.199841 0.02 0.199195 0.30

Table5: Formfactorsfor theparallelfacedividedinto 169patches
each.

The accurag of both methodss affectedby the possibility of
theintegrandof Equation3 [8] beingcloseto singular which may
occurwhenthe two differentialareasaretoo close. Whenthis oc-
curs,thetaskof determiningwhich methodprovidesmoreaccurate
resultsbecomesnoredifficult. Table6 presentghe relative errors
for the form factorsbetweenthe pairsof perpendiculafaces. As
we cansee,only for two casegherelative errorsfor the form fac-
torsobtainedusingthe nondeterministienethodweregreaterthan
thoseregardingthedeterministianethod.Althoughthisaspectmay
suggesthat the randomdistribution of samplepointsusedby the
SRmaybelessproneto singularityproblemsjt doesnotguarantee
a smallererrorfor all the casedueto the stochastimatureof the
SR.

F;; PDM r.e. (%) SR r.e. (%)
1-2 0.201615 0.78 0.200502 0.23
1-3 0.201615 0.78 0.200634 0.30
1-4 0.201615 0.78 0.199044 0.50
1-5 0.201615 0.78 0.200625 0.29
2-4 0.201615 0.78 0.198892 0.58
2-5 0.201615 0.78 0.201051 0.50
2-6 0.201615 0.78 0.200691 0.32
3-4 0.201615 0.78 0.200161 0.06
3-5 0.201615 0.78 0.198305 0.86
3-6 0.201615 0.78 0.199138 0.45
4-6 0.201615 0.78 0.202159 1.06
5-6 0.201615 0.78 0.201164 0.56

Table6: Form factorsfor the perpendiculafacesdividedinto 169
patchesach.



7 Conclusion and Future Work

In this paperwe discussedhe implicationsof errorsintroducedn
the computationof form factorsand comparediwo different ap-
proachesusedto performthesecomputations.For thesecompar
isonswe consideredan ervironmentfor which the corresponding
analyticalform factorsareavailableto be usedasareference.

The resultsof thesecomparisonshav that, even for simple
ervironments,suchas the one usedin our experiments,a single
methodcannotprovide the most accurateresultsfor all possible
geometries Usually for geometriesiot proneto singularityprob-
lems,thedeterministianethodsnayprovide moreaccurateesults.
Moreover, while theerrorassociatewith thedeterministianethods
is uniform, the error associatedvith the nondeterministienethods
is nonuniform. This aspecsuggestshatmoresophisticatedtatis-
tical analysistools shall be broughtto bearon future comparisons.
As future work, we intendto extend our experimentsto erviron-
mentswith occludedobjects.

Finally, despitethe simplicity of the ernvironmentusedin our
experimentsjt wasshavn that selectingthe “best” methodis del-
icate sinceno single methodis superiorin all cases.The relatve
accurag depend®nthegeometricatharacteristicef theerviron-
ment. Therefore the developmentof accuratepracticalsolutions
for off-line computationof form factorswill likely requireimple-
mentingdifferentmethodswith the applicationof a given method
determinedy the geometryat hand.For example,consideringhe
ervironmentusedin our experimentspnecould usethe determin-
istic methodfor the parallelfacesandthe nondeterministionefor
theperpendiculafaces.
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